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Secant Condition

For quadratic function

Q(x) = %XTAX —b'x,

we have VQ(x¢11) — VQ(x¢) = V2 Q(Xer1)(Xes1 — Xe)-

For general f(x) with Lipschitz continuous Hessian, we have
Vi(xey1) — VF(xe) = sz(xt+1)(xt+1 —X¢) + o([[xe41 — XtHz)v
which leads to

vf(Xt+1) — Vf(xt) ~ v2f(xt+]_)(xt+1 — Xt).
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Classical Quasi-Newton Methods

Motivated by
VF(xer1) — VE(xe) & V2 (xep1) (Xe41 — Xe),
classical Quasi-Newton methods target to find G;,1 such that
Vi(xe41) = VE(xe) = Gepa(Xer1 — Xe)
and update the variable as
Xep1 = X; — G IV F(xe).
We typically take Gg = dpl with some dg > 0.
For given G, or G; !, we hope
Q {x:} converges to x* efficiently;

@ G, is close to Gy;

Q Giygor Gt_+11 can be constructed/stored efficiently.
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Woodbury Matrix Identity

The Woodbury matrix identity is
(A+UCV) ' =A"1 - Aly(C 4 VATIU) VAT

where A € R9%9, C € Rk*k U € RY*k and V € Rk*9.

ForA=G,, U=2Z, V=2 and C =1, we let
Gi1 =G+ 2,2/,
then
G L =G;'-G;'Z,(1+2/G;'z,)'Z/G;*

can be computed within O(kd?) flops for given G, ..
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Classical SR1 Method

We consider secant condition and the symmetric rank one (SR1) update
Yt = Gii1Se,
Gt+1 = Gt + th;r.

where s; = X¢11 — X and yy = VF(xer1) — VFA(xe).

It implies

(Yt - Gtst)(Yt - Gtst)T
(yt - Gtst)Tst

and the corresponding update to inverse of Hessian estimator is

Gi1 =G, +

_ _ st — Gy lye)(se — Gy lyy) T
Gt-&-llzth—’—( t tit)(_]_t Tt‘ t) )
(st =Gy ye)Ty:
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Classical DFP Method

Let G¢;1 be the solution of following matrix optimization problem

cin 1IG = Gellg;

st G=G', Gs; =y,

where the weighted norm || - [[g is defined as
1
IAlg, = ||Gr*AG, V2|, with Gf:/‘v%ut+ruwl—n»df
0

It implies DFP update

T T T

YiS; StY: YtY:
Gouy = (I _ ) G (n _ ) LYY
o yis:) yisi)  yls:

The corresponding update to inverse of Hessian estimator is

—1 T-1 T
Gt yt¥: Gt StS;

YtTGt_IYt Y;rst.

G L =G;'-

Lecture 13 (Fudan University) DATA 620020 luoluo@fudan.edu.cn



Classical BFGS Method

This algorithm is named after Charles G. Broyden, Roger Fletcher, Donald
Goldfarb and David F. Shanno.

Broyden, Fletcher, Goldfarb, Shanno
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Classical BFGS Method

Let G;; be the solution of the following matrix optimization problem
amin  [IH = Hellg,
st H=H', Hy,=s,

where H, = G; ! and the weighted norm || - g, is defined as

1
IAllg, = |GY*AG?|| . with Gt:/ V2F(xe + T(Xep1 — x¢)) dr.
0

It implies BFGS update

1 StYy ) o1 yes, stS;
Goh= (1= )1 Y8 )y 3%
Yt St Y: St Y: St

The corresponding update to Hessian estimator is

Gii1 = G, — Gises{ G: | yey!

T Te &
s; Gst Yt St
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Asymptotic Superlinear Convergence

The following theorem implies SR1/DFP/BFGS converge superlinearly.

Theorem (Dennis—Moré Condition)

If sequence {x;} converges to x* such that Vf(x*) = 0 and V?f(x*) = 0 and the
search direction satisfies

=0.

lim [V F(xe) + V2F (%) (Xe41 — xt)”z

= X1 — Xl

Then {x:} converges to x* superlinearly.

For quasi-Newton iteration x;11 = X; — G,_T1Vf(xt), the condition in above
theorem can be written as

i (G — V2 (x¢))(Xe 1 — ) ||,

t=00 X1 — %l

=0,

which only requires that G; converges to Hessian along with the search direction.
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Broyden Family Update

The Broyden family update is

Auu'G + Guu'A TG AuuT A
Broydr(G,A,u)ér[G_ uu G+ Guu +<u u ) uu ]

u'Au u'Au u'Au
(G—A)uu' (G- A)
+(1—T)[G— aT(G — A },

where G € R4 A c R¥*9 uec R and 7 € [0,1].

1
Let G =G, A = / sz(xt + t(xer1 — X)) dt and u = X1 — X¢.
0

@ For 7 =0, it is classical SR1 method.

T
A
e ForT= uT u, it is classical BFGS method.
u' Gu

@ For 7 =1, it is classical DFP method.
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Explicit Local Convergence Rate

Suppose the objective is p-strongly-convex and L-smooth and let

k=L/n and A=/ VF(x)T(V2F(xe) 1V F (xe).

@ For classical DFP method, we have

Ae <O <<K2td)t/2> .

@ For classical BFGS method, we have

A <O <(";">t/z> .

@ For classical SR1 method, we have

Ae<O ((‘“:“)t/z) .

Lecture 13 (Fudan University) DATA 620020 luoluo@fudan.edu.cn 12/15



Outline

© Limited-Memory Quasi-Newton Methods

Lecture 13 (Fudan University) DATA 620020 luoluo@fudan.edu.cn 13/15



Quasi-Newton Methods

Classical quasi-Newton methods are too expensive for large d.
© Each iteration requires O(d?) complexity.
@ The space complexity is O(d?).
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Limited-Memory BFGS (L-BFGS)

The BFGS update can be written as
Hi1 = VtTHtVt + PtStStT7
where p: = (y; s¢)"* and V; = | — pyy;s/ .
Limited-memory BFGS method keeps the m most recent vector pairs
{siyitii

and applying BFGS update m times on some initial estimator Hy o = dx ol.
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Limited-Memory BFGS (L-BFGS)

The update of L-BFGS can be written as

He =(Vi 1. .V ) Hio(Vkem .- Vi_1)
+ pkem(Mi—1 - Vi mi1)Sk—mSpem(Vk—mt1 - - - Vk—1)
+ pk-mi1(Viet -+ Vicmi2)Sk-mi18kemi1(Vi-mi2 - - Vio1)
+ ...
+ pr—2V_18k—284_oVk-1
+ Pk—lsk—lsz_y
The iteration of L-BFGS is efficient for small m.
@ Computing V;V(xx) requires O(d) flops for given Vf(xg).
@ Computing H V£ (xk) requires O(md) flops for given V£ (xx).
© The storage of {s,,y,}, «_m Tequires O(md) space complexity.
@ The idea also works for SR1 and DFP.
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