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Second-Order Characterization

Theorem (Smoothness and Convexity)

Let f (·) be a twice differentiable function defined on Rd

1 It is L-smooth if and only if −LI ⪯ ∇2f (x) ⪯ LI for all x ∈ Rd .

2 It is convex if and only if ∇2f (x) ⪰ 0 for all x ∈ Rd .

3 It is µ-strongly-convex if and only if ∇2f (x) ⪰ µI for all x ∈ Rd .

Sometimes, we say f (·) is ℓ-weakly convex if the function

g(x) = f (x) +
ℓ

2
∥x∥22

is convex for some ℓ > 0.
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Second-Order Characterization

Theorem

Let f : Rd → R be a twice differentiable function. Suppose that ∇2f (·) is
continuous in an open neighborhood of x∗ ∈ Rd .

1 If x∗ is a local minimizer of f (·), then it holds that

∇f (x∗) = 0 and ∇2f (x∗) ⪰ 0.

2 If it holds that

∇f (x∗) = 0 and ∇2f (x∗) ≻ 0,

then the point x∗ is a strict local minimizer of f (·).
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Examples

1 For unconstrained quadratic problem

min
x∈Rd

f (x) ≜
1

2
x⊤Ax− b⊤x,

where A ∈ Rd×d . We have ∇2f (x) = A.

2 For regularized generalized linear model

min
x∈Rd

f (x) ≜
1

n

n∑
i=1

ϕi (a
⊤x) +

λ

2
∥x∥22 .

where ϕi : Rd → R is twice differentiable. We have

∇f (x) =
1

n

n∑
i=1

ϕ′
i (a

⊤
i x)a+ λx

and

∇2f (x) =
1

n

n∑
i=1

ϕ′′
i (a

⊤
i x)aia

⊤
i + λI.
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Applications in Matrix Approximation

Given a symmetric positive-definite matrix K ∈ Rd×d and we sample a
subset of columns C ∈ Rd×m, where m < d .

We want to establish the estimator of K by the formulation

min
U∈Rm×m, δ∈R

f (U, δ) ≜
∥∥∥K− (CUC⊤ + δId)

∥∥∥2
F
.

It has global solution

Uss = C†K(C†)⊤ − δss(C⊤C)†

and

δss =
1

d −m

(
tr(K)− tr(C†KC)

)
.
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Applications in Matrix Approximation

We can show that

CUssC⊤ + δssId ≻ 0

and

(QUssQ⊤ + δssId)
−1

=(δss)−1In − (δss)−2Q(Im + (δss)−1Uss)−1UssQ⊤.

is well-defined, where Q ∈ Rd×m is the orthogonal bias of C ∈ Rd×m.
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