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Factor Analysis

Let the observable vector y € RP be written as

y=Wx+p+e,

where
Q@ W € RP*9 is the loading matrix (parameter),
@ x € R9 is the common factor (parameter/random vector),
© 1 € RP is the mean vector (parameter),

Q ¢ € RP is the specific factor (random vector).

The model is similar to regression, but x is unobserved.

Lecture 16 (Fudan University) DATA 130044 luoluo@fudan.edu.cn



Factor Analysis

Example of sports games:

y=Wx+ p+e.

© y: performance in real-world
@ W: system of the game

© x: attributes in the game

Q . average attributes

@ ¢ noise/exception

57

Yao Ming's Stats 7 =
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9 Probabilistic Principle Component Analysis
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Probabilistic Principle Component Analysis

Let y1,...,¥yn € RP be N independent observations and we have
Yo = Wx, + p + €q,
where
Xq ~ Ng(0,1)  and €a ~ Np(0,5°)
are independent for some 02 > 0 and g < min{N, p}.
We target to estimate parameters
WeRPYI peRP and o€ (0,+00)

by maximum likelihood estimation for given y1,...,yn.
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Probabilistic Principle Component Analysis

Consider that

Yo ~ No(p, WWT 4 521).

We construct the likelihood function

L(u, w, 2)

H W o (500 — )T (W 0y, — ).
then we have

In L(p, W, 0%)

N
x == Indet(WW " + 52 Z(ya — ) T(WWT + 02Dy, — p).
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The Maximum Likelihood Estimators

The maximum likelihood estimators of g, W and o2 are

Lo~ 1
N:y:

=|

p—a Jj=q+1

N P
R 1
§ Yo, W =U,(A, —5*I)R and 52=—§ N,
a=1
where

Q A, € R9%9 is diagonal with the largest g eigenvalues Aq, ..., Aq of

@ U, € RP*9 is orthogonal column consisting of the eigenvectors associate
with Ag, ..., Ag;

© R € R9%9 is any orthogonal matrix.
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The Maximum Likelihood Estimators

The maximum likelihood estimators also minimize the error with respect
to Frobenius norm

(W, 62) = argmin
WERPXA g2cR+

£ (wWwT )|
F
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© The Expectation-Maximization Algorithm
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The Expectation-Maximization Algorithm

For the model
y=Wx+p+e

where x ~ Ny(0,1) and € ~ N,(0,021) are independent.

We regard {x,}N_; as missing data and {x,,ya}"_; as the complete
data, then we can achieve

Yo | Xa ~ Np(Wxo + g, 021)
and
Xa |Ya ~ Nq(Mile(Ya —p),c*M™1),

where M = WTW + &2I.
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The Expectation-Maximization Algorithm

The update of the EM algorithm
© In E-step, we take the expectation

(1T rtsiv0) |

@ In the M-step, we maximized /¢ with respect to W and o2:

Ic =E

W, =3W(’l+ MW Ew) 1,
1 A A
2 4 . —1yy T
a+—ptr(2 Fwmw]).

Note that the computational complexity of EM is O(Npq), while the
spectral decomposition in MLE requires O(Np? + p3).
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Good Luck on Finals!

‘ Multivariate Statistical Analysis

Final Exam (DATA 13004)
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