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Bayesian Multivariate Linear Regression

We can additionally suppose each bj;; independently follows
b ~ N(0,7%),

then the posterior likelihood function is

which leads to

vee(B) = (I, @ XX + £ @ 1,) " tvec(r2XTY).
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Bayesian Multivariate Linear Regression

We typically suppose
y By
B 5 Ng(0,7°X), where B=| : | eRrr,
T
Pe)
then the posterior likelihood function is

L(B,X)

1(BTx, y) = 4B x,_y,))

1 T = (-

P
T -1
11 (27quet(z)e p(_272ﬂ(1)z 50))

Jj=1

O((det(}:l))’m exp (—;tr ((XB — Y)}:—l(XB . Y)T) B 2;1-23):_131) .
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Bayesian Multivariate Linear Regression

We have
By, = (XX +A)7IXTY,

and

1

2= NYT(I — X(XTX +AD)IXTYY,

where \ = 1/72,
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Principal Components Analysis

Let x be a p-dimensional random vector with mean 0 and covariance
matrix X > 0.

Let u; € RP with |ju1, = 1 and maximizing the variance of u] x, then
(X —A1u; =0,

where A1 is the largest root of
det(X — Al) = 0.

O Wecall y; = ulTx as the first principle component of x.

@ The pair A\; € R and u; € RP are the largest eigenvalue and
corresponding eigenvector of X.
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Principal Components Analysis

For the second principle components
-
Y2 = Uy X,

we determine upy € RP by maximizing the variance of y» under the
constraints |[uz]|, =1 and y» be uncorrelated with y;.

For the k-th principle component

T
Yk = UgX,

we determine ug by maximizing the variance of y, under the
constraints |[uk||, =1 and y, be uncorrelated with y1,..., yx_1.
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Principal Components Analysis

Let vector ug € RP the k-th principle component

Vi =uix
holds that
(X = 2Du, =0,
where Ak is the k-th largest root of
det(X — Al) = 0.

The pair Ay € R and uy € RP are the k-th largest eigenvalue and
corresponding eigenvector of X.
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PCA for dimensionality Reduction

We can write

M O - 0

0 M --- 0
Uk:[ul uk]E]RpXk and A= | . _2 _ C | e RkXK

0 0 --- M\

contains the top-k eigenvectors and eigenvalues pairs of X, that is

TU,=UN  with U/U =L
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PCA for dimensionality Reduction

We can keep Uy € RP*K and transform x € RP to
U/ x € RX

where k < p.

The information of x can be estimated by

% = U, (U} x) € RP.

We have
Cov[X] = UkALU},

which is the best rank-k approximation of .
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Sample Principal Components Analysis

Given observation x1,...,xy € RP, we construct sample covariance

1N 1N
I V. - 1
S= N 13 1(x X)(x—X%) ', where X = Naglxa.

Let spectral decomposition of S be S = UAU, where U € RP*P is orthogonal
and A € RP*P is diagonal.

We write

X=|:|eRNxr,
Xk
which results the sample principle components
(x1 — %) TUy
Y = : = HXU, € RV*% where H:I—%INIE € RV*N,

(XN — )_()TUk
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Principal Coordinate Analysis

We consider the case of p > N and define

T= 7HXXTH € RNxN
N —
with spectral decomposition

T=Vrv',

where V € RV*N is orthogonal and ' € RV*N s diagonal.

The matrix Y € RV*K can be written as

Y =V, /% e RVXK,
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Kernel Principal Component Analysis

We map the sample x, € X C RP to the feature space H C RY, that is
¢ X —H,
and define the corresponding kernel function (inner product)

K(x,y) £ o(x)" d(y).
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Kernel Principal Component Analysis

The matrix
T= 7HXXTH c RVxN
N _
contains
XIXl X;I—XQ e XIXN
HXX'H=H| : © .. ¢ |HeRVNN
xX,xl xEx2 xX,xN

We replace the inner product x; x; with

K(X,’, Xj) = ¢(xi)T¢(YJ)'
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Kernel Principal Component Analysis

We replace XX € RVXN with the kernel matrix

K(xl,xl) K(Xl,XQ) . K(Xl,XN)
K= : : . : c RNVxN
K(XN,Xl) K(XN,X2) . K(XN,XN)

and replace T € RV*N with

1
Ti = — HKH.
KT N1

The kernel PCA is achieved by spectral decomposition on T.

Lecture 15 (Fudan University) DATA 130044 luoluo@fudan.edu.cn 16 /21



Kernel Principal Component Analysis

We replace XX € RVXN with the kernel matrix

K(xl,xl) K(Xl,XQ) . K(Xl,XN)
K= : : . : c RNVxN
K(XN,Xl) K(XN,X2) . K(XN,XN)

and replace T € RV*N with

1
Ti = — HKH.
KT N1

The kernel PCA is achieved by spectral decomposition on T.

Lecture 15 (Fudan University) DATA 130044 luoluo@fudan.edu.cn 17 /21



Kernel Principal Component Analysis

Examples of kernel functions:

© We define the polynomial kernel as
K(x,y) = (x"y +c)’

for some c € R and d € N.

@ We define the Gaussian kernel (radial basis function kernel) as

2
x—y
K(x,y) = exp (—H 252 ”2> :
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Canonical Correlation Analysis

Let x be a p-dimensional random vector with mean 0 and covariance X = 0.
We partition x into g and p — g components as
- x(1)
T x@ ]

The covariance matrix is partitioned similarly as

X Xp
Y = .
{):21 222}

We shall develop u; and vy that maximize the correlation between
y(l) — ulTX(l) and y(2) — vlTx(Q)
with constraints

Var[y®M] =1 and Var[y®] = 1.
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Canonical Correlation Analysis

We let

~Ju C[Z 0 10 X
S RN

then the vector wy corresponds to the generalized eigenvector associate
with the largest generalized eigenvalue of the problem

= ol R
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Canonical Correlation Analysis

For the k-th pair of canonical variables
Yk = uZx(l) and zK = va(Q),

we determine ug and vy by maximizing the correlation between y, and zj
under the constraints

Var[yx] =1, Var[zx] =1, Covlyk, yi] =0,
Cov[zk,z] =0, Cov[yk,z]=0 and Cov[z,y]=0
fori=1,...,k—1, which leads to uy and v, correspond to the

generalized eigenvector associate with the k-th largest generalized
eigenvalue of above problem.
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