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Likelihood Ratio Criterion and T 2-Statistic

Let x1, x2, . . . , xN constitute a sample from N (µ,Σ) with N > p.

We shall derive T 2-Statistic

T 2 = N(x̄− µ0)
⊤S−1(x̄− µ0)

from likelihood ratio criterion

λ =

max
Σ∈S++

p

L(µ0,Σ)

max
µ∈Rp ,Σ∈S++

p

L(µ,Σ)
.
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Likelihood Ratio Criterion and T 2-Statistic

We have

λ
2
N =

1

1 + T 2/(N − 1)
,

where

T 2 = N(x̄− µ0)
⊤S−1(x̄− µ0), x̄ =

1

N

N∑
α=1

xα

and

S =
1

N − 1

N∑
α=1

(xα − x̄)(xα − x̄)⊤.
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Likelihood Ratio Criterion and T 2-Statistic

The condition λ2/N > c for some c ∈ (0, 1) is equivalent to

T 2 <
(N − 1)(1− c)

c
.
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Multivariate Analysis of Variance

We consider testing the equality of means with common covariance.

Let x
(g)
α be an observation from the g -th population Np(µ

(g),Σ)
for α = 1, . . . ,Ng and g = 1, . . . , q. We wish to test the hypothesis

H0 : µ1 = · · · = µg .
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Multivariate Analysis of Variance

The likelihood function is

L(µ(1), . . . ,µ(g),Σ)

=

q∏
g=1

1

(2π)
pNg
2 (det(Σ))

Ng
2

exp

(
− 1

2

Ng∑
α=1

(
x(g)α − µ(g)

)⊤
Σ−1

(
x(g)α − µ(g)

))
.

1 We let θ = {µ(1), . . . ,µ(g),Σ} be the parameters.

2 The set Ω is the space in which Σ is positive definite and each µ(g) is any
p-dimensional vector.

3 The set ω is the space in which µ(1) = · · · = µ(g) (p-dimensional vectors)
and Σ is positive definite matrix.
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Multivariate Analysis of Variance

The likelihood ratio criterion is

λ =
supθ∈ω L(θ)

supθ∈Ω L(θ)
=

(det(Σ̂Ω))
N
2

(det(Σ̂ω))
N
2

,

where

Σ̂Ω =
1

N

q∑
g=1

Ng∑
α=1

(
x(g)α − x̄(g)

)(
x(g)α − x̄(g)

)⊤
and

Σ̂ω =
1

N

q∑
g=1

Ng∑
α=1

(
x(g)α − x̄

)(
x(g)α − x̄

)⊤
.

Lecture 14 (Fudan University) DATA 130044 luoluo@fudan.edu.cn 8 / 20



Multivariate Analysis of Variance

We can write

NΣ̂ω = A+ B,

where

A = NΣ̂Ω =

q∑
g=1

Ng∑
α=1

(
x(g)α − x̄(g)

)(
x(g)α − x̄(g)

)⊤ ∼ Wp(Σ,N − q)

and

B =

q∑
g=1

Ng (x̄
(g) − x̄)(x̄(g) − x̄)⊤ ∼ Wp(Σ, q − 1)

are independent.
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Wilks’ Lambda distribution

For two independent random matrices A ∼ Wp(Σ, n) and B ∼ Wp(Σ,m)
with n ≥ p, the ratio

det(A)

det(A+ B)

has Wilks’ Lambda distribution with degrees of freedom n and m, which is
typically written as

det(A)

det(A+ B)
∼ Λp,n,m.

Lecture 14 (Fudan University) DATA 130044 luoluo@fudan.edu.cn 10 / 20



Wilks’ Lambda distribution

Theorem

Let A ∼ Wp(Σ, n) and B ∼ Wp(Σ,m) be two independent Wishart
distributed variables, then we can write

det(A)

det(A+ B)
=

p∏
i=1

ui ∼ Λp,n,m,

where u1, . . . , up are independent distributed as

ui ∼ Beta

(
n + 1− i

2
,
m

2

)
.
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Properties of Wishart Distribution

Let A ∼ Wp(Σ, n) and partition A and Σ into q and p − q rows and columns as

A =

[
A11 A12

A21 A22

]
and Σ =

[
Σ11 Σ12

Σ21 Σ22

]
,

then we have

(a) A11 ∼ Wq(Σ11, n) and A22 ∼ Wp−q(Σ22, n);

(b) if q = 1, then

a21 |A22 ∼ Np−q(A22Σ
−1
22 σ21, σ

2
11.2A22)

where σ2
11.2 = σ11 − σ⊤

21Σ
−1
22 σ21;

(c) if n > p − q, then

A11.2 = A11 − A12A
−1
22 A21 ∼ Wq(Σ11.2, n − p + q)

is independent on A22 and A12, where Σ11.2 = Σ11 −Σ12Σ
−1
22 Σ21.
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Quiz

Let A ∼ Wp(Σ, n), we can follow above theorem to show

det(A) = det(Σ)

p∏
i=1

vi

with some independent random variables v1, . . . , vp?
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Multivariate Linear Regression

Given dataset {(xi , yi )}Ni=1, where xi ∈ Rp and yi ∈ Rq are the feature
and the corresponding output of the i-th data.

We suppose

yi = B⊤xi + ϵi with B ∈ Rp×q and ϵi
i.i.d∼ Nq(0,Σ)

for i = 1, . . . ,N, Σ ≻ 0 and N > p.

We regard B ∈ Rp×q and Σ ∈ Rq×q as parameters, then

ϵi = yi − B⊤xi ∼ Nq(0,Σ).
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Multivariate Linear Regression

We denote

X =

x
⊤
1
...
x⊤N

 ∈ RN×p, Y =

y
⊤
1
...
y⊤N

 ∈ RN×q and E =

ϵ
⊤
1
...
ϵ⊤N

 ∈ RN×q,

and suppose X is full rank.
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MLE for Multivariate Linear Regression

We construct the likelihood function for ϵ1, . . . , ϵN as follows

L(B,Σ)

=
N∏

α=1

1√
(2π)p det(Σ)

exp

(
−1

2
(B⊤xα − yα)

⊤Σ−1(B⊤xα − yα)

)
=

1

(2π)Np/2(det(Σ))N/2
exp

(
−1

2
tr
(
(XB− Y)Σ−1(XB− Y)⊤

))
.

The maximum likelihood estimators are

B̂ =
(
X⊤X

)−1
X⊤Y and Σ̂ =

1

N
Y⊤(I− X(X⊤X)−1X⊤)Y.
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MLE for Multivariate Linear Regression

We write

B =
[
β1 · · · βq

]
∈ Rq×p and B̂ =

[
β̂1 · · · β̂q

]
∈ Rq×p.

Then the joint distribution of β̂1, . . . , β̂N is normal and we have

1 E[β̂i ] = βi ;

2 Cov[β̂i , β̂j ] = σij(X
⊤X)−1;

3 Σ̂ ∼ Wq

(
1
NΣ,N − p

)
.
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Bayesian Multivariate Linear Regression

We can additionally suppose each bij independently follows

bij ∼ N (0, τ 2),

then the posterior likelihood function is

L(B,Σ)

=
N∏
i=1

1√
(2π)p det(Σ)

exp

(
−1

2
(B⊤xi − yi )

⊤Σ−1(B⊤xi − yi )

)

·
p∏

i=1

q∏
j=1

1√
2πτ 2

exp

(
−

b2ij
2τ 2

)

∝ 1

(det(Σ))N/2
exp

(
−1

2
tr
(
(XB− Y)Σ−1(XB− Y)⊤

)
− 1

2τ 2
∥B∥2F

)
,

which leads to solving Sylvester equation.
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Bayesian Multivariate Linear Regression

We typically suppose

β(i)
i.i.d∼ Nq(0, τ

2Σ), where B =

β
⊤
(1)
...

β⊤
(p)

 ∈ Rp×q,

then the posterior likelihood function is

L(B,Σ)

=
N∏
i=1

1√
(2π)p det(Σ)

exp

(
−1

2
(B⊤xi − yi )

⊤Σ−1(B⊤xi − yi )

)

·
p∏

j=1

1√
(2π)q det(Σ)

exp

(
− 1

2τ 2
β⊤
(j)Σ

−1β(j)

)

∝ 1

(det(Σ))N/2
exp

(
−1

2
tr
(
(XB− Y)Σ−1(XB− Y)⊤

)
− 1

2τ 2
BΣ−1B⊤

)
.
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Bayesian Multivariate Linear Regression

We have

B̂λ = (X⊤X+ λI)−1X⊤Y,

and

Σ̂λ =
1

N

(
(XB̂λ − Y)⊤(XB̂λ − Y) + λB̂⊤

λ B̂λ

)
,

where λ = 1/τ2.
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