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Likelihood Ratio Criterion and T2-Statistic

Let x1, X2, ..., Xy constitute a sample from N (u, X) with N > p.

We shall derive T2-Statistic
T2 = N(%x — p10) 'S~ (X — po)

from likelihood ratio criterion

max L(po, X
s (po, X)
 max  L(p,X)

HERP TESHT
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Likelihood Ratio Criterion and T2-Statistic

We have
AW = 1
14+ T2/(N—-1)
where
L
2 _ N Tg-1(3 _
Te=N(X—po) S (X — o), x—NaZ::lxa
and
;N
__ 1 = T
S—N_lg_:l(xa X)(xo — X)
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Likelihood Ratio Criterion and T2-Statistic

The condition A2/ > ¢ for some ¢ € (0, 1) is equivalent to

2 (N—l)c(l—c).
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Multivariate Analysis of Variance

We consider testing the equality of means with common covariance.

Let x((f) be an observation from the g-th population N,(u(&), X)
fora=1,...,Ng; and g =1,...,q. We wish to test the hypothesis

Lecture 14 (Fudan University) DATA 130044

luoluo@fudan.edu.cn



Multivariate Analysis of Variance

The likelihood function is

g) . X)

L(p
q 1 M .
H — exp ( -5 Z (xfxg) - H(g)) zfl(x(ag) _ u(g))>.

det(z)) Ea ot

Q@ Welet = {u® ... pu@&) ) bethe parameters.

@ The set Q is the space in which X is positive definite and each u(8) is any
p-dimensional vector.

© The set w is the space in which u(Y) = ... = ;{8 (p-dimensional vectors)
and X is positive definite matrix.
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Multivariate Analysis of Variance

The likelihood ratio criterion is

where
s _ 1 Zq: S (x(8) — (&) (x(8) _ &)
TN pecfoili
and
$ _ lzq: S (x® %) (x® —x)"
TN g=la=1
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Multivariate Analysis of Variance

We can write

NE, = A + B,
where
R q Ng T
A=NEg=> > (xl&) —x&)(xle) —x@&) " ~ W,(Z,N - q)
g=lo=1
and
q
B=> Ng(x& —x)(x —%)" ~ W,(Z,q-1)
g=1

are independent.
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Wilks' Lambda distribution

For two independent random matrices A ~ W, (X, n) and B ~ W,(X, m)
with n > p, the ratio
det(A)
det(A + B)

has Wilks' Lambda distribution with degrees of freedom n and m, which is
typically written as
det(A)
det(A+B) ~P~™™
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Wilks' Lambda distribution

Let A ~ Wy(X, n) and B ~ W,(X, m) be two independent Wishart
distributed variables, then we can write

det(A
det A+ B) H ul P,n,ma

where uy, ..., up are independent distributed as

1
u; ~ Beta (%,g) .
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Properties of Wishart Distribution

Let A ~ W,(X, n) and partition A and X into g and p — g rows and columns as

A11 A12 Z11 z12
A= 4 T- ,
[A21 A22] an [221 222]

then we have
(a) All ~ Wq(}:ll, n) and A22 ~ Wp,q(ZQQ. n);
(b) if ¢ =1, then

A —1 2
az1 [ A ~ Np_ (A, 021,071 ,A%)

2 . T 1 .
where 0112 =011 — 0'21222 021,

(c) if n> p—gq, then
Ao =A11 — A12A2_21A21 ~Wq(Z112,n—p+q)

is independent on A22 and A12, where 211‘2 = 211 — 2122521221.
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Let A ~ W,(X, n), we can follow above theorem to show

det(A) = det(X) [ [ vi

p
i=1

with some independent random variables vy, ..., v,?
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Multivariate Linear Regression

Given dataset {(x;,yi)}";, where x; € RP and y; € RY are the feature
and the corresponding output of the /-th data.

We suppose

yi=BTx;+¢ with BERP and ¢ ~' A (0,X)

fori=1,...,N, X>=0and N > p.

We regard B € RP*9 and X € R9%9 as parameters, then

€i=yi—B'x;~ Ng(0, X).
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Multivariate Linear Regression

We denote
T T T
X1 Y1 €1
X=|:]eRVP vY=|:|eRVY and E=|: | R
Xy Yn ey

and suppose X is full rank.
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MLE for Multivariate Linear Regression

We construct the likelihood function for €1, ..., €y as follows

L(B X)

H \/WT < 1 BTXa N ya)TZ_l(BTxa - YQ)>
1 1 )
~ (2m)"Pr2(dex(E)) "2 (‘ St ((XB - Y)Z7}(XB - v)T)) .

The maximum likelihood estimators are

B=(X"X)"'XTY and E£-= %YT(I — X(XTX)"1XT)Y.
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MLE for Multivariate Linear Regression

We write
B=[81 -+ B¢ €R*P and B= [ﬁl ﬁq] € RI*P,
Then the joint distribution of ,él, ... ,BN is normal and we have
© E[3] = Bi;
Q COV[B,‘,BJ'] = UU(XTX)_l;
O X ~W,(}Z,N-p).
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Bayesian Multivariate Linear Regression

We can additionally suppose each bj;; independently follows
b,‘j ~ N(O, 7'2),

then the posterior likelihood function is

O(W exp <;tr ((XB - Y)Z*l(XB _ Y)T) B % ||B||f_—> 7

which leads to solving Sylvester equation.
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Bayesian Multivariate Linear Regression

We typically suppose
y By
B 5 Ng(0,7°X), where B=| : | eRrr,
T
Pe)
then the posterior likelihood function is

L(B,X)

1(BTx, y) = 4B x,_y,))

1 T = (-

P
T -1
11 (27quet(z)e p(_272ﬂ(1)z 50))

Jj=1

O((det(}:l))’m exp (—;tr ((XB — Y)}:—l(XB . Y)T) B 2;1-23):_131) .
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Bayesian Multivariate Linear Regression

We have

By, = (XX +A)7IXTY,

and

where \ = 1/72,
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