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The Conjugate Prior for the Covariance

If A ~ Wy(X,n) and X has a prior distribution W~1(W, m), then the
conditional distribution of X given A is the inverted Wishart distribution

WA+ W, n+ m).

Let each of xy,...,xy has distribution N,(0, X) independently and
n= N —1, then the sample covariance

s—1 D (xa = %) (xa — %) ~ W,(E, n).

i=1
If £ ~ W, (W, m), then we have
T[S~WHnS+ W, n+m).
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The Inverted Wishart Distribution

Let x1,...,Xxy be observations from N (u,X). Suppose p and X have prior
densities

)
n <u ‘ v, ?) and  w(Z|W,m)

respectively, where n = N — 1. Then the posterior density of p and X given

N

i:%Zxa and S— 1Z(Xa_ X)(Xa — )T

a=1
is
Nx + Kv p X

"<“‘ N+ K ’N+K>'W WG )

N+ K

-1 <Z|\IJ+nS+

7N—|—m>.

v
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The Characteristic Function of Wishart Distribution

Let A ~ Wy(X, n), then the characteristic function of
a11, 422, - .-, dpp, 23127 oo 72ap—1,p7
is is given by

E [exp(i tr(A®))] = (det (I — 2iOX)) "2,

where © € RP*P js symmetric.
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Matrix F-Distribution

The density of F-distribution with m and n degrees of freedom in
univariate case is

where

5(5.3) = T imgss

How to generalized it to multivariate case?
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Matrix F-Distribution

Let A ~ Wy(l,n) and B ~ W,(X~1, m) be independent, then
U= Bfl/2ABfl/27
has matrix F-distribution with n and m degrees of freedom.

Its density function is

) @UE) | (e 5 Uz
r(%)r @ (det(U))" % (det(l+ U 1)) 2 .

f(U) = o (%7

It is natural to define the multivariate Beta function as

Mp(a)lo(b)
BTy
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Matrix Beta Distribution

The density of Beta distribution with parameters m/2 and n/2 in
univariate case is

f(w) = we (1 - w)2
where
m n 2
5(3:3) =1 r( +n)'

How to generalized it to multivariate case?
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Matrix Beta Distribution

Let A ~ Wy(X, n) and B ~ W,(X, m) be independent, then
W = (A + B)"Y/2A(A + B)" /2

has matrix Beta distribution with parameters n/2 and m/2 if 0 < W < |
and 0 elsewhere.

Its density function is

1) (det(W))* 5~ (det(1 — W) "5,

f(W): B (2,2

which does not depend on X.
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