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The Density of Wishart Distribution

Theorem

The density of A ∼ Wp(Σ, n) is

wp(A |Σ, n) =
(det(A))

n−p−1
2 exp

(
− 1

2 tr
(
Σ−1A

))
2

np
2 π

p(p−1)
4 (det(Σ))

n
2
∏p

i=1 Γ
(
1
2 (n + 1− i)

) .
for positive definite A and 0 elsewhere.

Sketch of the proof:

1 Observe that B = Σ−1/2AΣ−1/2 ∼ Wp(Ip, n).

2 Find the density of B ∼ Wp(Ip, n) by induction.

3 Recall that the Jacobian of transform from A to B has determinant

(det(Σ−1/2))p+1 = (det(Σ))−
p+1
2 .

4 Achieve the density of A ∼ Wp(Σ, n).
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The Wishart Distribution

The multivariate gamma function is defined as

Γp(t) = π
p(p−1)

4

p∏
i=1

Γ
(
t − 1

2
(i − 1)

)
.

We also write the density function of Wishart distribution as

wp(A |Σ, n) =
(det(A))

n−p−1
2 exp

(
− 1

2 tr
(
Σ−1A

))
2

np
2 Γp

(
n
2

)
(det(Σ))

n
2

.
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Properties of Wishart Distribution

Let A ∼ Wp(Σ, n) and partition A and Σ into q and p − q rows and columns as

A =

[
A11 A12

A21 A22

]
and Σ =

[
Σ11 Σ12

Σ21 Σ22

]
,

then we have

(a) A11 ∼ Wq(Σ11, n) and A22 ∼ Wp−q(Σ22, n);

(b) if q = 1, then

a21 |A22 ∼ Np−q(A22Σ
−1
22 σ21, σ

2
11.2A22)

where σ2
11.2 = σ11 − σ⊤

21Σ
−1
22 σ21;

(c) if n > p − q, then

A11.2 = A11 − A12A
−1
22 A21 ∼ Wq(Σ11.2, n − p + q)

is independent on A22 and A12, where Σ11.2 = Σ11 −Σ12Σ
−1
22 Σ21.
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The Distribution of Sample Covariance

Recall that we define

A =
N∑

α=1

(xα − x̄)(xα − x̄)⊤ and S =
1

n

N∑
α=1

(xα − x̄)(xα − x̄)⊤

where x1, . . . , xN are independent, each with the distribution Np(µ,Σ),
and n = N − 1 ≥ p.

We have A ∼ Wp(Σ, n), then

S ∼ Wp

(
1

n
Σ, n

)
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T 2-Statistic

In hypothesis testing for the mean with unknown variance, we consider the
t-student variable

t =
x̄ − µ

s/
√
N
,

where x̄ =
1

N

N∑
α=1

xα and s2 =
1

N − 1

N∑
α=1

(xα − x̄)2.

We have t2 =
N(x̄ − µ)2

s2
and its multivariate analog is

T 2 = N(x̄− µ)⊤S−1(x̄− µ),

where x̄ =
1

N

N∑
α=1

xα and S =
1

N − 1

N∑
α=1

(xα − x̄)(xα − x̄)⊤.
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F -Distribution

The F -distribution with d1 and d2 degrees of freedom is the distribution of

z =
y1/d1
y2/d2

=
d2y1
d1y2

,

where y1 ∼ χ2
d1

and y2 ∼ χ2
d2

are independent, written as

z ∼ Fd1,d2 .
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F -Distribution

The density function of F -distribution is

f (z ; d1, d2) =
1

B
(
d1
2 ,

d2
2

) (d1
d2

) d1
2

z
d1
2 −1

(
1 +

d1z

d2

)− d1+d2
2

for z > 0, where B(α, β) =

∫ 1

0

tα−1(1− t)β−1 dt.
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T 2-Statistic and F -Distribution

Theorem

Let A ∼ Wp(Σ, n) and y ∼ Np(0,Σ) be independent with n ≥ p, then

n − p + 1

p
· y⊤A−1y ∼ Fp,n−p+1.

For T 2-statistic

T 2 = N(x̄− µ)⊤S−1(x̄− µ),

we have

N − p

(N − 1)p
· T 2 ∼ Fp,n−p+1.
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The Inverted Wishart Distribution

If A ∼ W(Σ,m), then B = A−1 has the inverted Wishart distribution with m
degrees of freedom and scale parameter Ψ = Σ−1, written as

B ∼ W−1(Ψ,m).

The density function of B is

w−1(B | Ψ,m) =
(det(Ψ))

m
2 (det(B))−

m+p+1
2 exp

(
− 1

2 tr
(
ΨB−1

))
2

mp
2 Γp

(
m
2

) ,

where

Γp(t) = π
p(p−1)

4

p∏
i=1

Γ
(
t − 1

2
(i − 1)

)
.
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Quiz

Define S̄p → Rp×p as

F(X) = X−1,

where S̄p = {X ∈ Rp×p : X = X⊤ and X is non-singular}.

What is the determinant of Jacobian of F(X)?
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The Conjugate Prior for the Covariance Matrix

Theorem

If A ∼ Wp(Σ, n) and Σ has a prior distribution W−1(Ψ,m), then the conditional
distribution of Σ given A is the inverted Wishart distribution

W−1(A+Ψ, n +m).

Let each of x1, . . . , xN has distribution Np(0,Σ) independently and n = N − 1,
then the sample covariance

S =
1

n

n∑
i=1

(xα − x̄)(xα − x̄)⊤ ∼ Wp(Σ, n).

If Σ ∼ W−1
p (Ψ,m), then we have

Σ |S ∼ W−1(nS+Ψ, n +m).
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The Inverted Wishart Distribution

Theorem

Let x1, . . . , xN be observations from N (µ,Σ). Suppose µ and Σ have prior
densities

n

(
µ

∣∣∣ ν, Σ
K

)
and w−1(Σ | Ψ,m)

respectively, where n = N − 1. Then the posterior density of µ and Σ given

x̄ =
1

N

N∑
α=1

xα and S =
1

N − 1

N∑
α=1

(xα − x̄)(xα − x̄)⊤

is

n

(
µ

∣∣∣ N x̄+ Kν

N + K
,

Σ

N + K

)
· w−1

(
Σ | Ψ+ nS+

NK (x̄− ν)(x̄− ν)⊤

N + K
,N +m

)
.

Lecture 12 (Fudan University) DATA 130044 luoluo@fudan.edu.cn 14 / 14


	The Density of Wishart Distribution
	T2-Statistic and F-Distribution
	The Inverted Wishart Distribution

