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Sample Correlation Coefficient

Given the sample x1, . . . , xN from Np(µ,Σ), the maximum likelihood
estimator of the correlation between the i-th and the j-th components is

rij =

∑N
α=1(xiα − x̄i )(xjα − x̄j)√∑N

α=1(xiα − x̄i )2
√∑N

α=1(xjα − x̄j)2
,

where xiα is the i-th component of xα and

x̄i =
1

N

N∑
α=1

xiα.

We shall find the distribution of rij .
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Sample Correlation Coefficient

If the population correlation

ρij =
σij√
σiiσjj

is zero, then the density of sample correlation rij is

kN(r) =
Γ
(
N−1
2

)
√
π Γ

(
N−2
2

)(1− r2ij )
N−4
2 .
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Sample Correlation Coefficient

Let x1, . . . , xN be observation from N2(µ,Σ), where

µ =

[
µ1

µ2

]
and Σ =

[
σ11 σ12
σ12 σ22

]
We denote

xα =

[
x1α
x2α

]
, x̄ =

1

N

N∑
α=1

xα and A =
N∑

α=1

(xα − x̄)(xα − x̄)⊤.

We have shown that A can be written as

A =

[
a11 a12
a21 a22

]
=

n∑
α=1

zαz
⊤
α ,

where n = N − 1 and z1, . . . , zn are independent distributed to N2 (0,Σ)
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Sample Correlation Coefficient

We denote

a11.2 = a11 −
a212
a22

, σ11.2 = σ11 −
σ2
12

σ22
and r =

a12√
a11

√
a22

.

Lemma

Based on above notations, we have

(a)
a11
σ11

∼ χ2
n and

a22
σ22

∼ χ2
n;

(b) a12 | a22 ∼ N
(
σ12σ

−1
22 a22, σ11.2a22

)
;

(c)
a11.2
σ11.2

∼ χ2
n−1 is independent on a12 and a22.
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Sample Correlation Coefficient

We can show that

z =
x√

y/(n − 1)

=

√
n − 1 (r − σ12σ

−1
22

√
a22/a11)√

1− r2

where

x =
a12 − σ12σ

−1
22 a22√

σ11.2a22
∼ N (0, 1) and y =

a11.2
σ11.2

∼ χ2
n−1

are independent.

If σ12 = 0, then z =
x√

y/(n − 1)
∼ tn−1.
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Sample Correlation Coefficient

If population correlation

ρ =
σ12√
σ11σ22

is non-zero (σ12 ̸= 0), the density of sample correlation r is

2n−2(1− ρ2)
n
2 (1− r2)

n−3
2

(n − 2)!π

∞∑
α=0

(2ρr)α

α!

(
Γ

(
n + α

2

))2

.
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Tests for the Hypothesis of Lack of Correlation

Consider the hypothesis H : ρij = 0 for some particular pair (i , j).

1 For testing H against alternatives ρij > 0, we reject H if rij > r0 for
some positive r0. The probability of rejecting H when H is true is∫ 1

r0

kN(r)dr .

2 For testing H against alternatives ρij < 0, we reject H if rij < −r0.

3 For testing H against alternatives ρij ̸= 0, we reject H if rij > r1 or
rij < −r1 for some positive r1. The probability of rejection when H is
true is ∫ −r1

−1
kN(r) dr +

∫ 1

r1

kN(r) dr .
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Tests for Lack of Correlation

We have shown that

√
N − 2 ·

rij√
1− r2ij

has the t-distribution with N − 2 degrees of freedom.

We can also use t-tables. For ρij ̸= 0, reject H if

√
N − 2 ·

|rij |√
1− r2ij

> tN−2(α),

where tN−2(α) is the two-tailed significance point of the t-statistic with
N − 2 degrees of freedom for significance level α.
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