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Asymptotic Normality

Let x1,...,x, be independent and identically distributed random variables
with the same arbitrary distribution, mean 4, and variance o2

Let X, = %27:1 x;, then the random variable

z= lim ﬁ()_‘”;“>

n—oo

is a standard normal distribution.

What about multivariate case?
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Asymptotic Normality
im Z vl =
n-+on
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Multivariate Central Limit Theorem

Let p-component vectors yi1,Y2, ... be i.i.d with means Ely,] = v and

covariance matrices E[(yo — v)(yo — ¥)"] = T. Then the limiting
distribution of

2= Y e v)
a=1

asn— +oo is N(0,T).
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Characteristic Function and Probability

Let {Fj(x)} be a sequence of cdfs, and let {¢;(t)} be the sequence of
corresponding characteristic functions. A necessary and sufficient condition
for Fj(x) to converge to a cdf F(x) is that, for every t, ¢;(t) converges to
a limit ¢(t) that is continuous at t = 0. When this condition is satisfied,
the limit ¢(t) is identical with the characteristic function of the limiting
distribution F(x).
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Revisiting Linear Regression

Given dataset {(x;,y;)}.;, where x; € RP and y; € R are the feature and
the corresponding label of the /-th data.

We suppose
yi=B"xi+e€
with
B € RP and e,i’dN(Oa)

fori=1,...,N, where ¢ > 0.
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Revisiting Linear Regression

Maximizing the likelihood function leads to optimization problem
1 2
in — | X3 — .
Jnin, 5 X8 =yl
Suppose AT A is non-singular, then
A= (X"Xx)"xTy,
which has distribution

/é ~ Np(ﬂ’ 02(XTX)_1)'
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Revisiting Linear Regression

We define the sample error as
é=y—Xp,

which is uncorrelated to ,é
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Ridge Regression

In Bayesian statistics, we regard the parameters as a random variable with
prior distribution.

For linear regression, we additionally suppose the parameter has a prior
distribution

/3 ~ Np(07T2|)7

which leads to optimization problem

min - 1X8 — H2+70—2 1815
n — .
BeRP 2 Yl T 52 P12
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Bayesian Estimation

If x1,...,Xxy are independently distributed and each x, has distribution
Np(p, X), and if p has an a prior distribution N'(v, ®), then the a

posterior distribution of p given X1, ...,Xy Is normal with mean
0] ¢+1Z _1_+1}: ¢'+1Z -
— X+ — — v
N N N

and covariance matrix

1 -1
d-d(d+ _T)| o
(*+%7)
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The Biased Estimator

The sample mean X seems the natural estimator of the population mean p.

However, Stein (1956) showed X is not admissible with respect to the
mean squared loss when p > 3.
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James—Stein Estimator

Consider the loss function

2
L(p,m) = [lm — p]3,

where m is an estimator of the mean pu.

The estimator proposed by James and Stein is

m(’_‘):<1 H-p—uzn)(_ e

where v € RP is an arbitrary fixed vector and p > 3.
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Bayesian Estimation View

Consider x, ~ N (e, NI) for a =1,..., N, we additionally suppose

p~ N(v, ).

Then the posterior distribution of p given x1,...,xy has mean

(11[-2[_’7_22]) (x—v)+v.
1% — 3
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James—Stein Estimator

Interestingly, we have
_ 2 - 2
E[Im(x) - ull3] <E [I% - ul3]

by only suppose x, ~ N(u, NI) without prior on p, where

m(x) = (1_H)-(p__,/2||§) (x—v)+v.
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Improved Biased Estimator

The James—Stein estimator is

m(x)=<1 it 2)(' V) +
1%~ v

For small values of ||x — v||,, the multiplier of (X — /) is negative; that is,
the estimator m(X) is in the direction from v opposite to that of x.

We can improve m(X) by using

) \*
m(x) = (1__p—2> (x—v)+v,
[ — v

which holds that E [Hm(x) - u||§} <E [||m(>-<) - p||§]
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