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The Maximum Likelihood Estimators

Theorem

If x1, x2, . . . , xN constitute a sample from Np(µ,Σ) with N > p, the
maximum likelihood estimators of µ and Σ are

µ̂ = x̄ =
1

N

N∑
α=1

xα and Σ̂ =
1

N

N∑
α=1

(xα − x̄)(xα − x̄)⊤

respectively.
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The Maximum Likelihood Estimators

The likelihood function is

L =
1

(2π)
pN
2 (det(Σ))

N
2

exp

[
−1

2

N∑
α=1

(xα − µ)⊤Σ−1(xα − µ)

]
.

The vectors x1, x2, . . . , xN are fixed at the sample values and L is a
function of µ and Σ.

The logarithm of the likelihood function is

ln L = −pN

2
ln 2π − N

2
ln (det(Σ))− 1

2

N∑
α=1

(xα − µ)⊤Σ−1(xα − µ).
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The Maximum Likelihood Estimators

There are some results for estimating the covariance.

Theorem

The function h : Sp++ → R such that

h(X) = − log det(X)

is convex, where Sp++ = {X ∈ Rp×p : X ≻ 0}.

Theorem

If D ∈ Rp×p is positive definite, the maximum of

f (G) = −N ln det(G)− tr(G−1D)

with respect to positive definite matrices G exists, occurs at G = 1
ND.
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The Maximum Likelihood Estimators

If x1, . . . , xN constitutes a sample from N (µ,Σ) with N > p and define

ρij =
σij√
σiiσjj

,

then what is the maximum likelihood estimator of ρij?

We can replace σii , σjj and σii with

σ̂ii =
1

N

N∑
α=1

(xiα − x̄i )
2,

σ̂ij =
1

N

N∑
α=1

(xiα − x̄i )(xjα − µj),

σ̂jj =
1

N

N∑
α=1

(xjα − x̄j)
2,

leading to

ρ̂ij =

∑N
α=1(xiα − x̄i )(xjα − x̄j)√∑N

α=1(xiα − x̄i )2
√∑N

α=1(xjα − x̄j)2
.
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The Maximum Likelihood Estimators

Theorem
On the basis of a given sample, if

θ̂1, . . . , θ̂m

are maximum likelihood estimators of the parameters

θ1, . . . , θm

of a distribution, then

ϕ1(θ̂1, . . . , θ̂m), . . . , ϕm(θ̂1, . . . , θ̂m)

are maximum likelihood estimator of

ϕ1(θ1, . . . , θm), . . . , ϕm(θ1, . . . , θm)

if the transformation from θ1, . . . , θm to ϕ1, . . . , ϕm is one-to-one.
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The Maximum Likelihood Estimators

If ϕ : S → S∗ is not one-to-one, we let

ϕ−1(θ∗) = {θ : θ∗ = ϕ(θ)}.

and define (the induced likelihood function)

g(θ∗) = sup{f (θ) : θ∗ = ϕ(θ)}.

If θ = θ̂ maximize f (θ), then θ∗ = ϕ(θ̂) also maximize g(θ∗).
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The Maximum Likelihood Estimators

The maximum likelihood estimator of ρij is indeed

ρ̂ij =

∑N
α=1(xiα − x̄i )(xjα − x̄j)√∑N

α=1(xiα − x̄i )2
√∑N

α=1(xjα − x̄j)2
.
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Distribution Theory

Theorem
Let x1, . . . , xN be independent, each distributed according to N (µ,Σ). Then the mean
of the sample

µ̂ = x̄ =
1

N

N∑
α=1

xα

is distributed according to N (µ, 1
N
Σ) and independent of

Σ̂ =
1

N

N∑
α=1

(xα − x̄)(xα − x̄)⊤.

Additionally, we have

NΣ̂ =
N−1∑
α=1

zαz
⊤
α ,

where zα ∼ N (0,Σ) for α = 1, . . . ,N − 1, and z1, . . . , zN−1 are independent.
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Distribution Theory

Lemma

Suppose x1, . . . , xN are independent, where xα ∼ Np(µα,Σ). Let C ∈ RN×N be an
orthogonal matrix, then

yα =
N∑

β=1

cαβxβ ∼ Np(να,Σ),

where ν =
∑N

β=1 cαβµβ for α = 1, . . . ,N and y1, . . . , yN are independent.

Lemma

If C =


c11 c12 . . . c1p
c21 c22 . . . c2p
...

...
. . .

...
cp1 cp2 . . . cpp

 =



c⊤1

c⊤2

...

c⊤p

 ∈ Rp×p is orthogonal,

then
∑N

α=1 xαx
⊤
α =

∑N
β=1 yαy

⊤
α where yα =

∑N
β=1 cαβxβ for α = 1, . . . ,N.
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Distribution Theory

Theorem

If x1, x2, . . . , xN constitute a sample from Np(µ,Σ) with N > p, the
estimator

Σ̂ =
1

N

N∑
α=1

(xα − x̄)(xα − x̄)⊤

is positive definite with probability is 1.

1 The matrix Σ̂ be must singular if N ≤ p.

2 The proof indicates U⊤U is non-singular with probability 1

for U ∈ Rd×k with k ≤ d and uij
i .i .d∼ N (0, 1).
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