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The Maximum Likelihood Estimators

If x1,%2,...,xy constitute a sample from Np(p, X) with N > p, the
maximum likelihood estimators of p and X are

1 & 1 &
ﬂz)‘(zNZxa and ZNZ(xa_)_()(Xa_)_()T

a=1 a=1

respectively.
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The Maximum Likelihood Estimators

The likelihood function is

N
1 1 _
L= W - exp [ 5 Z(xa — ) TE  (xq — )
(2m)% (det(X))* a=1
The vectors x1, X2, ..., Xy are fixed at the sample values and L is a

function of p and .

The logarithm of the likelihood function is

pN N 1Y
= Ty-1
InL——7In27r—EIn (det(Z))—§ E (Xa — ) 7 (o — ).

a=1
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The Maximum Likelihood Estimators

There are some results for estimating the covariance.

The function h : SF, — R such that

h(X) = — log det(X)
is convex, where S | = {X € RP*P : X > 0}.

If D € RP*P s positive definite, the maximum of

f(G) = —NIndet(G) — tr(G™'D)

with respect to positive definite matrices G exists, occurs at G = ﬁD.
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The Maximum Likelihood Estimators

If x1,...,xn constitutes a sample from A (u, ) with N > p and define
Tjj
N

then what is the maximum likelihood estimator of p;;?

pij =

We can replace oj;, o and oj; with

1 N
Gii = m ;(Xia - X)),
1 N
55 = > (e = %) (0 = 1),
1 aﬁl
8 = 3 2_%a = %)’,
a=1

leading to
5 — Zg:l(xia — Xi)(Xja — Xj)
Pij = ~ = - —.
NS

Lecture 06 (Fudan University) DATA 130044 luoluo@fudan.edu.cn



The Maximum Likelihood Estimators

On the basis of a given sample, if

are maximum likelihood estimators of the parameters
01,...,0m

of a distribution, then

G1(01, - 0m), o (01, Om)
are maximum likelihood estimator of
$1(01, .- 0m), s dm(01,- .-, 0m)
if the transformation from 61, ...,0, to ¢1,...,®¢m is one-to-one.

v,
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The Maximum Likelihood Estimators

If :S — S* is not one-to-one, we let
¢1(0%) = {0:6" = ¢(6)}.
and define (the induced likelihood function)
g(6") = sup{f (0): 6" = ¢(0)}.

If & = 6 maximize £(0), then 8* = ¢(8) also maximize g(6*).
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The Maximum Likelihood Estimators

The maximum likelihood estimator of pj; is indeed

SN (X — %) (%o — %)

\/Za 1 (Xia — Xi) \/Za (50 — %)

Lecture 06 (Fudan University) DATA 130044 luoluo@fudan.edu.cn



Outline

© Distribution Theory

Lecture 06 (Fudan University) DATA 130044 luoluo@fudan.edu.cn



Distribution Theory

Let x1,...,xn be independent, each distributed according to N'(p, X). Then the mean

of the sample

Additionally, we have

where zo, ~ N(0,X) fora=1,...,N—1, and z1,...,zn_1 are independent.
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Distribution eo

Suppose X1, . .., xn are independent, where xo, ~ Ny(pta, X). Let C € RV*N pe an
orthogonal matrix, then

N
Yo = Z CapXp ~ NP(VOH 2)7
B=1

where v = ZL Cappp fora=1,...,N andy,...,yn are independent.

o
C11 C12 P Clp
CT
C21 Co2 e C2p 2 )
IfC=1| . . |l = € RP*P js orthogonal,
C, (of coo C
pl p2 PP. T
P
N T N T N
then 37, _; XaXq = 25:1 YaYa Where yo = ZB:I Capxg foraa=1,..., N.
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Distribution Theory

If x1,%2,...,xy constitute a sample from Np(p, X) with N > p, the
estimator

IEEL VR
—N;(xa—x)(xa—x)

is positive definite with probability is 1.

@ The matrix 3 be must singular if N < p.

@ The proof indicates U" U is non-singular with probability 1
for U € R¥*k with k < d and u; ES (0,1).
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